A double pair plasma system containing cold inertial positive and negative ions, and inertialess super-thermal electrons and positrons is considered. The standard nonlinear Schrödinger equation is derived by using the reductive perturbation method to investigate the nonlinear dynamics of the ion-acoustic waves (IAWs) as well as their modulation instability. It is observed that the ion-acoustic dark (bright) envelope solitons are formed for modulationally stable (unstable) plasma region, and that the presence of highly dense super-thermal electrons and positrons enhances (reduces) this unstable (stable) region. It is also found that the effect of super-thermality of electron or positron species causes to increase the nonlinearity, and to fasten the formation of the bright envelope solitons. These results are applicable to both space and laboratory plasma systems for understanding the propagation of localized electrostatic disturbances.
Introduction
Double pair plasmas are considered as fully ionized gases consisting of positively and negatively charged ions as well as an electron and positron having equal mass and opposite charge, and have been observed to exist in space environments, viz., upper regions of Titan's atmosphere [1] , chromosphere, solar wind, D-region (H + , O − 2 ) and F-region (H + , H − ) of the Earth's ionosphere [2] , cometary comae [3, 4] , and laboratory situations, viz., neutral beam sources [5] , plasma processing reactors [6] , and Fullerene (C + , C − ) [7] , etc. The super-thermal features of fast particles in a plasma system are measured by the deviation of the plasma particles distribution from the well known Maxwellian distribution, and this deviation is expressed by the super-thermal parameter (κ) in a super-thermal κ-distribution [8, 9, 10, 11, 12] . The deviation between Kappa and Maxwellian distribution is negligible for large values of κ (κ → ∞). The super-thermality of the plasma species leads an effective change on the electronacoustic waves (EAWs) [9] , positron-acoustic waves (PAWs), ion-acoustic (IA) waves (IAWs), IA solitary waves (IASWs) [10] , and IA double layers (IA-DLs) [13] . Sultana and Kourakis studied EAWs in super-thermal plasmas to examine the stability criterion of the EAWs. Ghosh et al. [10] considered unmagnetized three components plasma having super-thermal electrons and positrons, and observed the velocity of the solitary waves decreases with increasing κ. Chatterjee and Ghosh [11] investigated head-on-collision of IASWs in a three components plasma medium. Saha et al. [12] reported dynamic properties of the IASWs by considering super-thermal elec-trons and positrons, and found that the amplitude of the IASWs decreases while width increases with increasing κ.
The occurrence of the electrostatic bright and dark envelope solitons, and modulational instability (MI) of the carrier waves in any plasma medium are demonstrated by the standard nonlinear Schrödinger equation (NLSE) [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . Gharaee et al. [17] have reported the MI of the IAWs in an electron-ion plasma system and obtained that the critical frequency of the MI of IAWs reduces with the presence of the super-thermal electrons. Chowdhury et al. [18] have demonstrated the formation of IA envelope solitons in a quantum plasma, and have found that the magnitude of the amplitude of the IA envelope solitons remains constant against the variation of different plasma parameters. Alinejad et al. [19] have investigated the MI of IAWs in a three components plasma medium with κ-distributed electrons, and have observed that the k c decreases with κ. Eslami et al. [20] have investigated the stability criterion of IAWs in an electron-positron-ion (e-p-i) plasma and observed that the number density and temperature of the positron significantly modify the nature of the stability conditions of IAWs in an e-p-i plasma. Ahmed et al. [21] have studied MI of IAWs in an e-p-i plasma medium in presence of κ-distributed electrons and positrons, and have found that the critical waves number (k c ) decreases with an increase in the value of κ. El-Labany et al. [1] have examined the stability of the IAWs in a three components pair ion plasma medium.
Recently, Dubinov et al. [27] have investigated IASWs in a symmetric pair-ion plasma (PIP). El-Labany et al. [13] observed IA-DLs in a three components double ion plasma medium as well as how the positive and negative ions organize the critical point. Dubinov et al. [28] examined electrostatic baryonic waves in an ambiplasma medium containing protons, antiprotons, electrons and positrons. Jannat et al. [29] studied Gardner Solitons by considering four components PIP model having inertial positive and negative ions as well as inertialess electrons and positrons. In our present paper, we have extended the work of Jannat et al. [29] by considering a mathematical model regarding four components PIP model consisting of positive and negative ion as well as electron and positron featuring super-thermal κ-distribution, and will study the MI of IAWs and the configuration of the electrostatic IA bright and dark envelope solitons.
The outline of the paper is as follows: The governing equations describing our plasma model are presented in Section 2. A NLSE is derived in Section 3. Modulational instability and envelope solitons are given in Section 4. A brief conclusion is, finally, provided in Section 5.
Governing Equations
We consider a four components plasma system consisting of inertial negative ions, positive ions and inertialess electrons and positrons. At equilibrium, the quasi-neutrality condition can be expressed as Z + n +0 + n p0 = Z − n −0 + n e0 ; where n +0 , n p0 , n −0 , and n e0 are the equilibrium number densities of positive ions, super-thermal positrons, negative ions, and super-thermal electrons, respectively. Now, the basic set of normalized equations can be written in the form
where n − and n + are the negative and positive ion number density normalized by their equilibrium value n −0 and n +0 , respectively; u − and u + are the negative and positive ion fluid speed normalized by wave speed C + = (Z + k B T e /m + ) 1/2 (with T e being the temperature super-thermal electron, m + being the positive ion mass, and k B being the Boltzmann constant); φ is the electrostatic wave potential normalized by k B T e /e (with e being the magnitude of single electron charge); the time and space variables are normalized by ω
, and γ 3 = n p0 /Z + n +0 . Now, the expressions for electron and positron number density obeying κ-distribution are, respectively, given by [8, 9, 4] 
where γ 4 = T e /T p . Here, the parameter κ represents the super-thermal property of the electrons and positrons. Now, by substituting (6) and (7) into (5), and expanding up to third order of φ, we get
where
Derivation of the NLSE
To study the MI of the IAWs, we want to derive the NLSE by employing the reductive perturbation method (RPM) and for that case, we can write the stretched co-ordinates in the form [22, 23] 
where v g is the group velocity and ǫ is a small parameter. Then, we can write the dependent variables as [22, 23] 
The derivative operators can be written as
Now, by substituting (9)- (17) into (1)- (4), and (8), and collecting the terms containing ǫ, the first order (m = 1 with l = 1) reduced equations can be written as n (1)
these relation provides the dispersion relation for IAWs
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We have numerically analysed Eq. (22) to examine the linear dispersion properties of IAWs for different values of the γ 3 . The results are displayed in Fig. 1, which shows that (i) in the short wavelength limit, the dispersion curves become saturated and the maximum frequency of the IAWs is equal to the positive ion plasma frequency (ω p+ ); (ii) in the long wavelength limit, the angular frequency of the IAWs linearly increases with the wave number k; (iii) the nature of the IAWs are, therefore, similar to other kinds of acoustic-type waves (i.e. EAWs and PAWs) but with different time and length scales. The angular frequency of IAWs, sometimes, can be found in the form of biquadratic equation by considering the adiabatic pressure [28, 30, 31, 32, 33] in the governing equations specially in the momentum equations. As biquadratic equation has two possible positive solutions corresponding to the positive and negative sign. Then, it may be considered that the positive (negative) sign represents first (slow) IA modes [30] . The fast IA mode also corresponds to the case in which both ion species oscillate in phase with electrons and positrons. On the other hand, the slow IA mode corresponds to the case in which only one ion oscillate in phase with electrons and positrons while other ion species are in anti-phase with them [30] . If anyone considers the dynamics of the pair-ion without considering adiabatic pressure [1, 2, 34, 35] in the governing equations then it may not be possible to find the angular frequency in the form of biquadratic equation. The second-order (m = 2 with l = 1) equations are given by n (2)
with the compatibility condition
The coefficients of ǫ for m = 2 with l = 2 provide the second order harmonic amplitudes which are found to be proportional to |φ
Now, we consider the expression for (m = 3 with l = 0) and (m = 2 with l = 0), which leads the zeroth harmonic modes. Thus, we obtain
Finally, the third harmonic modes (m = 3) and (l = 1) with the help of (18)−(37), give a set of equations, which can be reduced to the following NLSE:
where Φ = φ
1 for simplicity. The dispersion (P) and nonlinear (Q) coefficients have the following form, respectively:
It may be noted here that both P and Q are function of various plasma parameters such as γ 1 , γ 2 , γ 3 , γ 4 , κ, and k. So, all the plasma parameters are used to maintain the nonlinearity and the dispersion properties of the PIP. 6 
Modulational instability and envelope solitons
When P and Q are opposite sign then they offer a modulationally stable region for IAWs and allow to generate electrostatic dark envelope solitions. On the other hand, when both P and Q are of the same sign then they offer a modulationally unstable region for IAWs and allow to generate electrostatic bright envelope solitions [17, 18, 19, 20, 21, 22, 23] . The plot of P/Q against k yields stable and unstable domains for the DAWs. The point, at which transition of P/Q curve intersect with k-axis, is known as threshold or critical wave number k (= k c ).
A clear idea about the effects of κ on the stable and unstable regions for IAWs can be observed from Fig. 2(a) , and the outcomes from this figure can be expressed as (i) there is a stable region (i.e., k < k c ) for IAWs in the figure, and this stable region allows to generate the electrostatic dark envelope solitons; (ii) similarly, there is a unstable region (i.e., k > k c ) for IAWs in the figure, and this unstable region allows to generate the electrostatic bright envelope solitons; (iii) the stable region for the IAWs decreases with the increase in the value of κ. The variation of P/Q with k for different values of γ 1 can be shown in Fig. 2 of γ 1 can shift the k c to a smaller value of k while a decrease in the value of γ 1 can shift the k c to a larger value of k; (ii) a massive positive (negative) ion allows to generate electrostatic bright envelope solitons associated with IAWs for small (large) value of k by reducing (increasing) k c (via Figure 3(a) indicates the deviation in the stable and unstable regions of IAWs according to the variation of γ 2 , and it can be seen from this figure that (i) an increase in the value of γ 2 is responsible for a fast destabilization of the IAWs as well as allows to generate electrostatic bright envelope solitons for small value of k; (ii) the presence of excess super-thermal electron would reduce the k c to a lower value while the presence of excess inertial positive ion would lead the k c to a higher value for a constant value of Z + ; (iii) highly dense super-thermal electrons offer bright envelope solitons (i.e., k > k c ) associated IAWs for small k while excess inertial positive ions offer bright envelope solitons (i.e., k > k c ) associated IAWs for large k (via γ 2 = n e0 /Z + n +0 ). Figure 3 (b) reflects the temperature effect of the electron and positron (via γ 4 = T e /T p ) in recognizing the stable and unstable regions of IAWs as well as the formation of bright and dark envelope solitons, and it is obvious from this figure that (i) the stable region for IAWs increases with increasing value of γ 4 ; (ii) the temperature of electron maximizes (minimizes) the k c as well as modulationally stable region of IAWs.
The bright (when P/Q > 0) and dark (when P/Q < 0) envelope soliton solutions, respectively, can be written as [22, 23, 9, 24, 25, 26] Φ(ξ, τ) = ψ 0 sech 2 ξ − Uτ W 1 2
where ψ 0 indicates the envelope amplitude, U is the traveling speed of the localized pulse, W is the pulse width which can be written as W [= (2Pψ 0 /Q) 1/2 ], and Ω 0 is the oscillating frequency for U = 0. we have depicted bright and dark envelope solitons in Figs. 4(a) and 4(b) by numerically analyzed Eqs. (39) and (40), respectively.
Conclusion
The amplitude modulation of IAWs has been theoretically investigated in an unmagnetized four components PIP medium consisting of positively and negatively charged inertial ions as well as inertialess κ-distributed electrons and positrons. A NLSE, which governs the MI of IAWs and the formation of electrostatic bright and dark envelope solitons in PIP medium, is derived by using the RPM. To conclude, we hope that our results may be useful in understanding the nonlinear phenomena (viz. MI of IAWs and envelope solitons) in space PIP system (viz., upper regions of Titan's atmosphere [1] , chromosphere, solar wind, D-region (H + , O − 2 ) and F-region (H + , H − ) of the Earth's ionosphere [2] , cometary comae [3, 4] ) and laboratory PIP system (viz., neutral beam sources [5] , plasma processing reactors [6] , and Fullerene (C + , C − ) [7, 36] , etc.).
